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Quark flavor physics 
• Still critically important in the program of lattice gauge theory. 

• Experimental uncertainties are still much smaller than theory for 
many important quantities
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April 2015

Our new xi result has 1.5% 
errors, but experiment has 
0.5% errors. 
Future lattice calculations 
have the potential to push the 
search for BSM effects in 
flavor physics much further 
still.
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CKM matrix elements from recent B mixing 

• There has been a pattern in our recent results that CKM matrix elements 
obtained from loop processes (colored bands) are a little below those 
obtained from fits to tree process only. 

• Since loop processes are expected to be more sensitive to BSM effects than 
tree processes, this is an interesting trend to keep an eye on.
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Recent results

• for the B->Dlnu form factor at nonzero recoil  

• (PRD92, 034506 (2015)), 

• the B->pi and B->K semileptonic form factors  

• (PRD92, 014024 (2015);  

• PRL115, 152002 (2015); 

• PRD93 (2016) no.2, 025026)), 

• and the neutral B-meson mixing matrix elements for both the 
Standard Model and BSM theories  

• (arXiv:1602.03560). 
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Our B-physics program on the MILC asqtad ensembles is nearing 
completion.  In the past year, we have published the most precise (and in 
some cases only) three-flavor results for several interesting B-physics 
processes: 

Final results for the B- and D-meson decay constants expected this year.
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HISQ physics program
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An expanded list of goals:
With Fermilab heavy quarks:

• B ! D(⇤)`⌫ and B
s

! D(⇤)
s

`⌫ (non-zero recoil), with Fermilab b and c quarks, HISQ s and l
quarks.

• B ! ⇡`⌫, B
s

! K`⌫, B ! Kl+l�, and B
s

! D
s

`⌫, with Fermilab b, HISQ c, s and l quarks.

• f
B

, f
Bs , fD, fDs , with Fermilab b and c, HISQ s and l quarks.

• f⇤
B

, f⇤
Bs
, f⇤

D

and f⇤
Ds

with Fermilab b and c, HISQ s and l, with vector and tensor currents.

• B mixing, B
s

mixing, with Fermilab b, HISQ s and l quarks.

The leptonic decay constants f
D

and f
Ds with Fermilab charm quarks are included with an eye

toward building ratios of the form f
B

/f
D

with Fermilab heavy quarks, and then multiplying by
f
D

with HISQ charm. The heavy-to-heavy semileptonic decays enjoy certain cancellations of dis-
cretization errors, so we plan to continue with the Fermilab method for daughter charm quarks.

The development of the HISQ action opens up new possibilities for doing lattice B physics.
The success of HPQCD’s first published attempt to use HISQ b quarks in a calculation of f

Bs [29]
makes it clear that there are several possible approaches to a full B physics program on the HISQ
ensembles. We plan to study this issue carefully while carrying out the programs outlined above.
We do not need to request additional time for tests of B-physics methods, since in most cases the
computational cost of generating heavy-quark propagators is negligible compared to the cost of
generating the light-quark propagators.

Codes

All of our proposed calculations use parts of the MILC code [30]. The code provides a general
framework for carrying out the HISQ and clover-propagator calculations needed for the form-factor
and decay-constant projects. In recent years we have made improvements to the MILC code that
substantially reduce I/O requirements for the heavy-light form factor project, and we have devel-
oped an easily modifiable YAML/Python framework for generating the necessary MILC-code input
specifications for carrying out the heavy-light form-factor calculation. Our highly interconnected
projects are combined using this framework into what we call the “superscript”. This makes it
possible to reuse propagators for multiple quantities, in most cases avoiding the need for extensive
propagator storage.

The most expensive parts of the calculation are, of course, the light quark inversions. The
code supports the QUDA package for multi-GPU operation and the SciDAC optimized QOP/QDP
package for cluster and BG/Q operation [31, 32, 33, 34, 35]. For light-quark inversions requiring
of the order of thousands of conjugate gradient iterations on 8 GPU’s, the QUDA package delivers
about 72 GF per 2-GPU Pi0 node in mixed double-precision. Further optimization strategies are
being actively pursued. For example, work is underway to implement a domain decomposition
algorithm, which has been shown to give significant improvement for Wilson-type fermions. A
staggered Eigcg algorithm is now available under QUDA.

The QOP/QDP package supports the HISQ action fully. It uses the SciDAC QMP package for
message passing. On clusters, message passing is done through MPI. This code is mature and well
optimized. For example, on the Pi0 cluster, the heavy quark inverter delivers approximately 22
GF per 16-core node. Recent revisions of the QOP code support mixed-precision HISQ and clover
inverters, which the MILC code supports. Speed ups of nearly a factor of two are often seen.

We are also working with Intel engineers to optimize code for the Intel Xeon Phi architecture.
However, we are not currently using this code for production.
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In addition, all HISQ program for charm leptonic and semileptonic decays. 
Eventually, b quarks with HISQ .too.
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Basically, the entire CKM matrix.
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MILC HISQ ensemble generation program
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Ensembles with a <⇠ 0.09 fm
0.042 fm physical quark mass ensemble — continuum
extrapolation is largest error in decay constants. Also, allows
HISQ b quarks.
0.03 fm ensemble — “anchor” for b quark physics. i.e. do fBs

but not fB .
� ml/ms size Nlats a(fm) L(fm) m⇡L m⇡

6.30 1/5 323⇥96 1011 0.09242(21) 2.95 4.5 301
6.30 1/10 483⇥96 1000 0.09030(13) 4.33 4.7 215
6.30 1/27 643⇥96 1047 0.08773(08) 5.62 3.7 130
6.72 1/5 483⇥144 1016 0.06132(22) 2.94 4.5 304
6.72 1/10 643⇥144 1246 0.05938(12) 3.79 4.3 224
6.72 1/27 963⇥192 701* 0.05678(06) 5.44 3.7 135
7.00 1/5 643⇥192 1167 0.04333(09) 2.77 4.3 309
7.00 1/27 1443⇥288 278* 0.04257(04) 6.13 4.17 134
7.30 1/5 963⇥288 378* 0.03222(10) 3.09 4.8 309

() HISQ ensembles April 28, 2016 3 / 4
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Improvements in HISQ program

• Charm quark loops 

• Probably small error in asqtad results, but least well quantified. 

• Physical light-quark masses.   

• Chiral extrapolation to the physical light-quark masses is the largest 
source of uncertainty in our recent calculations of the the B->Dlnu 
form factor at nonzero recoil and the B->pi and B->K semileptonic 
form factors, and is among the largest uncertainties in our B-mixing 
matrix element results.   

• Use of the physical-mass HISQ ensembles will render the chiral 
extrapolation unnecessary and eliminate the associated systematic 
uncertainty.  

8
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• Finer lattice spacings.   

• Discretization errors from the heavy-quark action and heavy-light 
current are the dominant source of systematic uncertainty in our 
recent calculations of the B->D*lnu form factor at zero recoil and B-
mixing matrix elements, and are also important for the B->Dlnu 
form factor.   

• Use of the HISQ ensemble with a=0.03 fm now in production will 
reduce these heavy-quark discretization errors.  (The finest 
ensemble used in the asqtad program was 0.045 fm.)   

• Further, the a~0.03 fm lattice-spacing ensemble will enable, for the 
first time, the use HISQ valence quarks with a mass close to the 
physical b-quark mass.   

• Our calculations of D-meson decay constants with HISQ charm quark are 
currently the world's most precise (PRD90 (2014) no.7, 074509),  

•  We expect our results for B-meson decay constants using the "heavy HISQ" 
approach to have smaller uncertainties than our calculation with Fermilab b 
quarks on the HISQ ensembles.  

9
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LQCD-ext II proposal, 2013
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TABLE I: History, status, and future of selected lattice-QCD calculations needed for the determi-
nation of CKM matrix elements. Forecasts from the 2008 LQCD-ext proposal (where available)
assumed computational resources of 10–50 TF years. Most present lattice results are taken from
latticeaverages.org [33]. Other entries are discussed in the text. The quantity ⇠ = fBsB

1/2
Bs

/fBB
1/2
B .

Quantity CKM Present 2007 forecast Present 2018
element expt. error lattice error lattice error lattice error

fK/f⇡ |Vus| 0.2% 0.5% 0.5% 0.15%

fK⇡
+ (0) |Vus| 0.2% – 0.5% 0.2%

fD |Vcd| 4.3% 5% 2% < 1%

fDs |Vcs| 2.1% 5% 2% < 1%

D ! ⇡`⌫ |Vcd| 2.6% – 4.4% 2%

D ! K`⌫ |Vcs| 1.1% – 2.5% 1%

B ! D⇤`⌫ |Vcb| 1.3% – 1.8% < 1%

B ! ⇡`⌫ |Vub| 4.1% – 8.7% 2%

fB |Vub| 9% – 2.5% < 1%

⇠ |Vts/Vtd| 0.4% 2-4% 4% < 1%

�Ms |VtsVtb|2 0.24% 7–12% 11% 5%

BK Im(V 2
td) 0.5% 3.5–6% 1.3% < 1%

B ! D(⇤) form factors and fB, lattice errors are at, or below, the level of the corresponding
experimental errors. First row unitarity, which relies on lattice results for fK/f⇡ and the
K ! ⇡`⌫ form factor, is seen to hold at the part-per-mille level [34, 39, 40]. In general,
the CKM paradigm describes experimental observations at the few-percent level, while in
detail the improved precision has unearthed a tension of around 3� in the global fit [41].
USQCD calculations have played the major role in these developments. For example, the
world average for BK is based on four di↵erent calculations, three of which were carried out
under the auspices of USQCD.

We describe now a broad program of intensity-frontier calculations that will be possible
with LQCD-ext II. We have organized this program according to physics topic or class of
experiments for which the calculations are needed. In each component, we explain the
physics goals and their relationship to the experimental program, describe the status of
present lattice-QCD calculations, and explain what can be achieved over the next five years.

While the challenges to further reductions in errors depend on the quantity, there are many
common features. A key advance over the next five years will be the widespread simulation
using physical u and d quark masses, obviating the need for chiral extrapolations. A second
advance will be the systematic inclusion of isospin-breaking and electromagnetic (EM) ef-
fects. A third across-the-board improvement that will likely become standard over the next
five years is the use of charmed sea quarks.

Let us begin with a discussion of the next generation of calculations for the standard matrix
elements listed in Table I. Although they are already mature, we can significantly tighten
constraints on the SM by improving these calculations, with the aim of reducing, and ul-
timately removing, the gap between lattice and experimental errors. Key improvements to
all quantities come particularly from the use of physical quark masses, finer lattice spacings,

6

For some quantities, 
lattice precision is 
ahead of experiment.

For most, it is a 
factor of 2 or 3 
behind experiment.

For some, it is way 
behind experiment.

Many of the most important quantities in 
B physics have come from USQCD only.
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HISQ program uncertainty goals

• "Combined error" is the quadrature sum of the statistical, chiral-
continuum extrapolation, and HQ discretization errors and should 
not be included twice in the total. 
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least well-quantifed source of error in our B-physics calculations on the asqtad ensembles.  
Use of the HISQ ensembles will eliminate this source of uncertainty.  (2) Physical light-quark 
masses.  The chiral extrapolation to the physical light-quark masses is the largest source of 
uncertainty in our recent calculations of the the B->Dlnu form factor at nonzero recoil and the 
B->pi and B->K semileptonic form factors, and is among the largest uncertainties in our B-
mixing matrix element results.  Use of the physical-mass HISQ ensembles will render the 
chiral extrapolation unnecessary and eliminate the associated systematic uncertainty.  
(3)  Finer lattice spacings.  Discretization errors from the heavy-quark action and heavy-light 
current are the dominant source of systematic uncertainty in our recent calculations of the B-
>D*lnu form factor at zero recoil and B-mixing matrix elements, and are also important for the 
B->Dlnu form factor.  Use of the HISQ ensemble with a=0.03fm now in production will reduce 
these heavy-quark discretization errors.  (The finest ensemble used in the asqtad program 
was 0.045 fm.   Further, the a~0.03fm lattice-spacing ensemble will enable, for the first time, 
the use HISQ valence quarks with a mass close to the physical b-quark mass.  Our 
calculations of D-meson decay constants with HISQ charm quark are currently the world's 
most precise (PRD90 (2014) no.7, 074509), and we expect our results for B-meson decay 
constants using the "heavy HISQ" approach to have smaller uncertainties than our calculation 
with Fermilab b quarks on the HISQ ensembles.  Finally, it is worth noting that the HISQ 
ensembles still possess all of the other important features of the MILC asqtad ensembles, 
such as high statistics and large physical volumes, needed to control other sources of 
systematic uncertainty.  

Below are detailed error budgets for some of our recent B-physics calculations on the 
asqtad ensembles, all of which employ Fermilab b quarks.  For the B->D, B->D*, and B->pi 
semileptonic form factors, which depend upon the value of the momentum transfer, the error 
budgets shown are for representative q^2 values.  Because we have not yet published our 
calculation of fB with Fermilab b quarks on the full set of MILC asqtad ensembles, we obtain 
the estimated error budget in the table from the B-mixing error budget by dividing the 
uncertainties by 2.  We expect the resulting error budget to be representative of that for the 
decay constants obtained upon completion of the asqtad project.  For almost all of our 
analyses (no HQ terms in the chiral fit function for B->D*), the chiral-continuum fit function 
includes not only terms that describe the light-quark mass dependence, but also terms to 
parameterize discretization errors from the gluon, light-, and heavy-quark actions.  Thus 
several sources of uncertainty (statistics, chiral extrapolation, discretization errors, ...) are 
intertwined in the analysis,  and the breakdowns between them presented in the table are 
only approximate.   As a consequence, simply reducing or eliminating a single error in the 
current asqtad error budgets will lead to only a very rough estimate of the future uncertainty. 
 Nevertheless, these error budgets give a useful picture of the dominant sources of 
uncertainty in the asqtad calculations, and motivate the value of repeating them on the HISQ 
ensembles. 
ASQTAD
   stat chiral+cont HQ disc combined* matching scale other charm sea total
f0(B -> D) 0.7  0.7 0.4 (1.1) 0.7    0.2                   -      - 1.2
B -> D* 0.4 0.5+0.3(g_pi) 1.0 (1.2) 0.4               0.1        - - 1.4
B mix O1 4.8 2.3+0.7 3.6 (6.5) 2.3            3.4 1.6 2 8.1
xi 0.9 0.4+0.1 0.5 (1.1) 0.3   0.6  0.5 0.5 1.5
fB** 2.4 1.2+0.4 1.8 (3.3) 1.2               1.7 - 0.7 (PDG) 3.9
f+(B -> pi)    (in combined)                   (3.1) 1.1 0.5 0.6 - 3.4

* The "combined error" is the quadrature sum of the statistical, chiral-continuum extrapolation, 

Example asqtad uncertainties.
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• First, we estimate our uncertainty achievable, assuming fixed 
statistics, but the three HISQ improvements discussed above.
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and HQ discretization errors and should not be included twice in the total.

To obtain a rough idea of the errors that can be achieved by using the HISQ ensembles 
assuming fixed statistical errors and only the improvements described above, we have taken 
the asqtad error budgets and set the charm-sea and chiral-extrapolation errors to zero, 
reduced the light-quark discretization error by a factor of 4, and the HQ discretization error by 
30%. This gives the second table of error budgets shown here.  For the B(s)-meson decay 
constants, we expect our calculations using HISQ b quarks to yield more precise results than 
using Fermilab b quarks; we therefore show in this table the preliminary error budget from  our 
ongoing "heavy HISQ" analysis presented at Lattice 2015 (arXiv:1511.02294).  We have not 
included a projected error budget for B -> pi in this second table because, for the B->pi and B-
>K form-factor results on the asqtad ensembles, we do not have even a rough breakdown of 
the combined stat+chiral+continuum error into individual components.
HISQ
   stat chiral+cont HQ disc combined* matching scale other charm sea total
f0(B -> D) 0.7 0                         0.3 (0.8) 0.7               0.2                    0     0 1.1
B -> D* 0.4 0  0.7 (0.8) 0.4                0.1        0 0 0.9
B mix O1 4.8 0+0.2 2.5 (5.4) 2.3            3.4 1.6 0 7.0
xi  0.9 0+0.0 0.4 (1.0)  0.3  0.6 0.5 0 1.3
fB  0.3 1.1 (in chiral+cont) (1.1) (in stat)   0 0.2 0 1.1

It can be seen from this table that, once the chiral-extraplation error is eliminated and HQ 
discretization errors are reduced, other sources of uncertainty become important.  Part of our 
strategy on the HISQ ensembles will be to reduce the statistical errors beyond what we 
obtained on asqtad.  We do not yet know how the statistical errors will change on these new 
ensembles for the heavy-light quantities.  On the one hand, we have larger volumes and are 
using random wall sources, but on the other hand the physical light-quark mass ensembles 
are noisier.  Fortunately, we have several options for reducing the statistical errors without 
adding more configurations to our existing ensembles if needed: these include adding more 
time sources per configuration or more nonzero-momentum permutations. 
 For dimensional quantities such as the B-mixing matrix elements, the value of 
the absolute lattice scale enters.   Recently, several new scale-setting quantities have been 
introduced that can be obtained more directly and precisely than the Sommer scale r1.  We 
are already employing one such quantity (the decay constant of a fictitious pseudoscalar 
meson) in our calculation of the charmed and light pseudoscalar-meson decay constants with 
HISQ quarks (PRD90 (2014) no.7, 074509), and the MILC collaboration has recently obtained 
results for the gradient-flow parameters t0 and \sqrt{w0} on a number of the HISQ ensembles 
(arXiv:1503.02769).  Thus we anticipate a reduction in the scale uncertainty with respect to 
the above error budgets as well.  Finally, we are exploring approaches to reduce the 
uncertainty associated with matching the lattice operators to the continuum by, for example, 
computing ratios with respect to absolutely normalized or nonperturbatively renormalized 
quantities.  

To see the potential improvement when the statistical uncertainties are also reduced, this 
final table includes all of the improvements in the second table, plus halves the statistical 
uncertainties with respect to those of the asqtad calculations.  The asqtad uncertainties are 
given in parentheses for ease of comparison.  For fB, we again do not have even a rough 
breakdown of the combined stat+chiral+discretization into individual components.  We expect, 
however, that the inclusion of the finest HISQ ensemble with a~0.03 fm now in production will 
significantly improve discretization errors because am_b <~0.9 at this lattice spacing, and 

• Once chiral-extraplation error is eliminated and HQ discretization errors are 
reduced, statistics and other sources of uncertainty become important.   

• We do not yet know how the statistical errors will change on these new 
ensembles for the heavy-light quantities.  

• Larger volumes and random wall sources→better statistics, 

• but physical light-quark mass ensembles are noisier. 

• Several options for reducing the statistical errors without adding more 
configurations to our existing ensembles if needed:  

• more time sources per configuration or  

• more nonzero-momentum permutations. 
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• Quantities for scale setting more direct and precise than the 
Sommer scale r1.   

• Recently obtained results for the gradient-flow parameters t0 and 
\sqrt{w0} on a number of the HISQ ensembles (arXiv:1503.02769).  

• Finally, we are exploring approaches to reduce the uncertainty 
associated with matching the lattice operators to the continuum 
by, for example, computing ratios with respect to absolutely 
normalized or nonperturbatively renormalized quantities. 

13

bring the error on fB to below 1%.
HISQ (full statistics)
   stat chiral+cont HQ disc combined* matching scale other charm sea total (asqtad)
f0(B -> D) 0.4 0                         0.3 (0.8) 0.7               0.2                    0     0 0.9 (1.2)
B -> D* 0.2 0  0.7 (0.8) 0.4                0.1        0 0 0.8 (1.4)
B mix O1 2.4  0+0.2 2.5 (5.5)  2.3            3.4   1.6 0 5.6 (8.1)
xi  0.5 0+0.0 0.4 (1.0)  0.3                 0.6 0.5 0 1.1 (1.5)
fB  0.2 < ~1 (in chiral+cont) <~ 1 (in stat)   0 0.2 0 < ~1 (1.1)

In summary, our calculations of form factors for semileptonic decays will benefit greatly 
from repeating the analyses with Fermilab b quarks on HISQ ensembles. For the B->D and B-
>D* form factors, we hope to bring their errors below 1% with sufficient effort.  For the B->pi 
and B->K form factors we expect to reach below 3%-level errors. 
We are also currently calculating the D->pi and D->K semileptonic form factors with HISQ 
charm quarks; if successful, we may be able to use this approach to improve the B->pi and B-
>K form factors even further.  For B-meson decay constants, it is clear that our calculation with 
HISQ b quarks will be much more precise than that with Fermilab b quarks.  Nevertheless, 
calculations of fB and fBs with Fermilab b quarks are needed to obtain the neutral B-meson 
bag parameters from the B-mixing matrix elements, and may also be used in ratios with form 
factors for a nonperturbative renormalization scheme, in addition to providing useful checks of 
the more precise heavy-HISQ results.  For B-mixing matrix elements, we hope with sufficient 
effort to bring the errors below 5%, and for the SU(3)-breaking ratio xi to get below the 1% 
barrier.  This will rely, of course, upon improving statistics, the absolute and relative scale 
setting, and so forth. Given the experimental and phenomenological precision needs, we are 
therefore exploring other methods for B-mixing beyond repeating our Fermilab b-quark 
analysis on the HISQ ensembles.  

4. Since you are planning to calculate quantities for which there already exist results with 
similar precision, have you considered performing a “blind analysis” to prevent any inadvertent 
bias? 

We completely agree with the SPC's suggestion that the use of "blinding", which has now 
become common practice in the experimental community, is a good way to prevent bias when 
performing an analysis.  Moreover, even when lattice-QCD results for the quantity being 
calculated are not yet available with commensurate precision, there may be determinations of 
corresponding CKM elements available from other processes with which to compare.  We 
have therefore already begun the practice of blinding our analyses within the Fermilab Lattice 
and MILC Collaborations, and plan to continue to do so in the future.

Our recent calculations of the B->pi and B->K semileptonic form factors on the MILC 
asqtad ensembles (PRD92, 014024 (2015); PRL115, 152002 (2015); PRD93 (2016) no.2, 
025026) were all blinded, with the blinding implemented as follows.  Two of the authors 
applied a multiplicative offset to the numerical data at an early stage. This "blinding" factor 
was disclosed to the others only after finalizing the error analysis.  Our current calculation of 
B- and D-meson decay constants on the MILC asqtad ensembles has also been blinded in 
this manner.  We will use the same approach to blind future analyses on the HISQ ensembles 
with two exceptions.  Because we have already published results for the kaon semileptonic 
form factor at q^2=0 (PRL112 (2014) no.11, 112001) and charm decay constants (PRD90, 
074509 (2014)), and the second rounds of analyses are already very advanced, we could not 
meaningfully blind them at this late stage.

Finally, same improvements as previous, plus halved statistical errors.
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Summary of uncertainty goals

• B->D and B->D* form factors:  <1%. 

• B->pi and B->K form factors: <3%. 

• Ultimately, believe we will be able to b quarks with HISQ fermions, 
enabling still greater accuracy for semileptonic decays. 

• For B decay constants, it is already clear that HISQ b quarks will be 
significantly. 

• B-mixing matrix elements: <5%,  

• SU(3)-breaking ratio xi: <1%.

14

with Fermilab b quarks.

We’re pretty much on track to meeting the uncertainty goals in the 
2013 hardware proposal!


